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In recent years, successes in development of nano-
technology and physics of nanostructures had led to
practical realization of some optoelectronic devices
based on quantum dot (QD) arrays [1–3]. Being a
quasi-zero-dimensional object, a QD has a discrete set
of energy levels, sensitivity of which to stresses mani-
fests itself even at the stage of QD nucleation during
self-organization [4]. The kinetics of epitaxial growth
and the stress distribution in the system QD–matrix
affect the size, shape, and arrangement of QDs in the
array [5, 6]. In this context, for an exact prediction of
optical and transport properties of the QD array, it is
necessary to construct an analytical model able to
describe the following physical phenomena:
(i) dependence of the baric coefficient of the energy
of the radiative transition between the ground states of






) on the size and
shape of nanoislands;
(ii) the effect of strain-induced diffusion of adsorbed
atoms on the shape and size of QDs;
(iii) interaction of the fields of local stresses with an
electron subsystem QD–matrix and their effect on the
profile of the quantization potential in the coherently
stressed QD and in its vicinity; and
(iv) the electron-deformation mechanism of polar-
ization of the QD.
In this paper, we report the results of studying the
dependence of the baric coefficients of the energy of the
radiative transition in the InAs QDs on their sizes for
the InAs/GaAs heterosystem.
In most known cases, it is assumed that the deforma-
tion characteristics (the Young modulus and the Poisson
coefficient) of nanoobjects coincide with correspond-
ing bulk characteristics. However, the first studies of
photoluminescence (PL) for the InAs/GaAs QD system
[7–9] in the state of uniform compression showed that
the baric coefficient for the InAs QDs differs from the
baric coefficient of the energy of the radiative transition






 = 12 meV/kbar). Moreover, it was






 is not con-







, i.e., on the QD size. This function was













) and its close-to-linear character were
confirmed in [10, 11], involving compilation of the
known experimental data. However, in some cases
(molecules and multilayer QD arrays), we observed
deviations of experimental points from the linear
dependence [12]. This fact stimulated us to carry out
the theoretical calculation of baric coefficients of the
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—In the context of the deformation potential model, baric dependences of the energy structure of InAs
quantum dots in a GaAs matrix are calculated. Under the assumption of the absence of interaction between the
spherical quantum dots of identical sizes, the energy dependence of the baric coefficient of energy of the radi-
ative transition in the quantum dot is determined. A similar dependence is also found experimentally in the pho-
toluminescence spectra under uniform compression of the InAs/GaAs structures. Qualitative agreement
between the theory and experiment as well as possible causes for their quantitative difference are discussed. It
is concluded that such factors as the size dispersion, Coulomb interaction of charge carriers, and tunnel inter-
action of quantum dots contribute to this difference.
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The known theoretical approaches for the stressed






 method [14] were restricted to the obtainment of the




















 intersection of the conduction band edges
emerging at high pressures (42 kbar for the InAs QD).







the QD sizes (with the energy of the PL peak) were
attempted in [11] with the use of the Frogley model and
in [15] based on the atomic model of the field of
valence forces.













) and its deviations for the
QDs in the InAs/GaAs system in the context of the
deformation-potential model.
2. MODEL OF THE InAs/GaAs HETEROSYSTEM 
WITH COHERENTLY STRESSED InAs 
QUANTUM DOTS
We consider the InAs/GaAs heterosystem with
coherently stressed spherical InAs QDs. In order to
reduce the problem with a large number of QDs to the
problem with one QD, we use the following approxi-
mation. The energy of the pairwise elastic interaction
between the QDs can be replaced by the energy of inter-














 – 1) QDs.
Since the lattice constant of the InAs material is
larger than that of the GaAs matrix, then, during hete-
roepitaxy in the limits of the pseudomorphic growth of
InAs on GaAs, InAs is compression-strained while
GaAs is tensile-strained. Therefore, the spherical QD
can be represented as the elastic dilation microinclu-














 in the GaAs matrix (dashed line). The vol-







. In order to insert such a spherical
microinclusion, it is necessary to compress it in the
radial directions and, contrarily, the GaAs matrix







The solid line in Fig. 1a presents the result of simulta-
neous effect of these strains.
3. CALCULATION OF COMPONENTS
OF THE STRAIN TENSOR
IN THE SPHERICAL InAs QUANTUM DOT
AND IN THE GaAs MATRIX
To determine the components of the strain tensor, it
is necessary to find the explicit form of the displace-
ments of atoms  and  in InAs and GaAs, respec-
























 is the void radius in the




 is the hydrostatic pressure. The
superscript (1) refers to InAs (QD), and the superscript












 is the surface energy of the InAs QD [17]. The
difference of the volumes of the elastic dilatation inclu-











 is the sum of two terms,






) is the mismatch parameter of strains
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Fig. 1. (a) Model of spherical QD and (b) energy diagram of
the structure (InAs QD)/GaAs matrix.
1078
SEMICONDUCTORS      Vol. 42      No. 9      2008
NOVIKOV et al.
materials of the QD (  = 4.52 × 10–6 K–1) and matrix
(  = 5.73 × 10–6 K–1):
Here, TK is the temperature of growth of the active
region of the structure, and T0is the measurement tem-
perature. The second term (f2) is the lattice mismatch of
the materials of the QD and the matrix (a(1) and a(2),
respectively):
The solution of Eq. (1) in the case of the spherical
QD has the form [16, 18]
(4)
(5)
Here, R2 is the radius of the sphere of stress relaxation.
Since at the point r = 0 the displacement should be
finite, in solution (4) we assume that C2 = 0. The field
of displacements determines the following components





Stresses in InAs and GaAs are correspondingly
described by the relations
(10)
(11)
Here, ν1 and ν2 are the Poisson coefficients and E1 and
E2 are the Young moduli of materials of the QD and sur-
rounding matrix, respectively. They are expressed in
the standard way in terms of the elastic constants of
these materials. The coefficients C1, C3, and C4 are
determined from the solution of set of equations (2) tak-
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The components of the strain tensor depend on the
QD radius R0, QD shape, and hydrostatic pressure P
and determine the energy shifts of the edges of allowed
bands (conduction and valence band, respectively)
caused by the elastic strain (Fig. 1b):
(12)
Here, ε(i) = , , and  are the constants of the
hydrostatic deformation potential of the conduction and
valence bands.
4. CALCULATION OF BARIC COEFFICIENTS
OF InAs QUANTUM DOTS IN THE InAs/GaAs 
HETEROSYSTEM. SIZE DEPENDENCE
Figure 1b shows the dependence of the potential
energy of the electron and hole on the radius r in the
InAs/GaAs heterosystem with the InAs QDs disregard-
ing (dotted line) and taking into account (solid line) the
effect of the uniform strain caused both by the lattice
mismatch of the material of the QD and matrix and dif-
ferent thermal expansion coefficients and by the exter-
nal hydrostatic pressure P. The energy levels of the
electron (Ee) and hole (Eh) in the ground state are
arranged in potential wells Ue and Uh, respectively:
(13)
(14)
Here, ∆Ve(0) and ∆Vh(0) are the depths of potential
wells for the electron and hole in the InAs QD in the
strain-free InAs/GaAs heterostructure.
The energy of the recombination transition between
the ground states of the electron and hole with their
Coulomb interaction disregarded is
(15)
Here,  is the band gap in the InAs QD.
The baric coefficient KQD for the InAs QD in the
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Here,  is the component of the baric coeffi-
cient caused by the shift of the electron level under the
effect of the hydrostatic pressure,  is the com-
ponent of the baric coefficient caused by the shift of the
hole level under the effect of the hydrostatic pressure,
and  is the baric coefficient of the band gap.
To determine the baric coefficient KQD (16), it is nec-
essary to calculate the energy spectrum of the electron
and hole in the InAs/GaAs heterosystem with the InAs
QD. Since we carry out the calculation in the effective-
mass approximation, we require the fulfillment of phys-
ical conditions under which the geometric sizes of the
QD and spatial region between two neighboring QDs
considerably exceed the lattice constants of InAs (ad)
and GaAs (am), i.e., the radius of the spherical QD





We assume that the effective masses of the electron
 (hole ) in the QD and in the surrounding
matrix are known and equal to bulk values.
The solution of the Schrödinger equation (17) in the
spherical system of coordinates has the form
(19)
Here, Ylm(θ, ϕ) are the spherical Legendre functions[19]. The radial functions Rnl(r) are expressed in terms






while the potential energies of the electron and hole Ue,h
are determined by formulas (13) and (14). The continu-
ity conditions for the wave functions and density of the










me h,* r( )
-----------------∇– Ue h, r R0 P, ,( ).+=
m1e 2e,* m1h 2h,*
Ψnlm r θ ϕ, ,( ) Rnl r( )Ψlm θ ϕ,( ).=
R1nl r( ) A jl ke h, r( ) Bnl ke h, r( ), 0 r R0≤ ≤ ,+=
R2nl r( ) Chl1( ) iχe h, r( ) Dhl2( ) iχe h, r( ),+=














along with the regularity condition of the functions
Rnl(r) at r  0 and r  R1 and with normalization
determine the energy spectrum Enl and wave functions
of the electron and hole in the InAs/GaAs heterosystem
with the InAs QD.
Therefore, the energies of the ground state of the
electron and hole in the QD are determined from the
following transcendental equation:
(25)
Based on Eq. (25) and using (16), we can calculate the
baric coefficients KQD depending on the QD sizes tak-





Further, we present the results of theoretical studies
of the dependence of the baric coefficient of the InAs
QD (KQD) on the energy of the recombination transition
and on the QD radius (R0), as well as the dependence of
the shift of the transition energy (∆E0) on the hydro-
static pressure for various values of E0 in the context of
the deformation potential model. The calculations were
performed for the following parameters (see [17, 20,
21]): a(1) = 6.08 Å, a(2) = 5.65 Å;  = 0.833 Mbar,
 = 0.433 Mbar,  = 1.223 Mbar,  =
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0.571 Mbar; ∆Vc(0) = 0.6981 eV, ∆Vv(0) = 0.3759 eV;
 = –5.08 eV,  = –7.17 eV,  = 1 eV;  =
1.16 eV;  = 0.36 eV,  = 1.452 eV;  =
0.057m0,  = 0.065m0,  = 0.41m0,  = 0.45m0;
and α(1) = 0.657 N/m.
Figure 2 shows the dependence of the energy of the
recombination transition on the inverse radius of the
InAs QD in the InAs/GaAs heterosystem. It is evident
that the transition energy E0 increases monotonically as
the QD radius R0 decreases, and also increases with an
increase in the radius R2 of the matrix in which the QDs
are formed. Specifically, a decrease in the QD radius
from 45 to 35 Å leads to an increase in the transition
energy by 93.7 meV at R2 = 100 Å and by 66.8 meV at
R2 = 500 Å.
Using the dependences plotted in Fig. 2, we calcu-
lated the energy shift of the transition ∆E0 for the InAsQD in the stressed InAs/GaAs heterostructure. The
results of calculations graphically presented in Fig. 3
allow us to judge the increase in the considered shift
with an increase in the hydrostatic pressure in the range
of 0–15 kbar and its decrease with increasing QD size.
It is known that the baric coefficient of the energy of the
radiative transition of the bulk InAs crystal is KInAs =
12 meV/kbar, while the baric coefficient of the InAs
QD calculated in the context of the above model is
KQD = 9.726 meV/kbar at R0 = 42 Å; i.e., the value of
the baric coefficient for the InAs QD is smaller by 19%.
The dependences of the KQD on the transition energy
E0 and on the QD size R0 calculated using the formulas
of the previous section are shown in Figs. 4a and 4b.
The theoretical calculation in the context of the model














cient of the QD with increasing the energy of the
recombination transition. According to this result, an
increase in the QD size (i.e., narrowing of its optical
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Fig. 2. Dependences of energy of the recombination transi-
tion E0 on the inverse QD radius R0 for values of the radius










Fig. 3. Calculated dependences (solid lines) of the energy
shift ∆E0 of the InAs QD on the value of the hydrostatic
pressure P for the values of the energy of the recombination
transition (1) E0 = 1.13 eV (R0 = 42 Å) and (2) 1.15 eV(R0 = 39 Å). Points correspond to the experimental shift of
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Fig. 4. Dependences of the baric coefficient in InAs QDs on
the (a) energy of the recombination transition E0 and the (b)QD size R0, (c) the component of the energy shift ∆E0
caused by the dependence of the width of the optical band
gap Eg of the QD on the hydrostatic pressure, and (d) the
component of the energy shift ∆E0 caused by the shift of the
electron (∆EAe) and hole (∆EAh) level under the effect of the
hydrostatic pressure.
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KQD. Specifically, the shift of the energy of the recom-
bination transition from 1.15 to 1.13 eV corresponding
to an increase in the QD size R0 by 3 Å leads to a
decrease in the baric coefficient by 0.1 meV/kbar.
Such a character of variation in the baric coefficient
can be attributed to different characters of varying its
components presented in Figs. 4c and 4d. As the QD
size increases, a more rapid decrease in the component
of the baric coefficient caused by the shift of the elec-
tron and hole levels under the effect of the hydrostatic
pressure is observed (Fig. 4d) compared with the
increase in the baric coefficient of the band gap
(Fig. 4c).
6. EXPERIMENTAL RESULTS
We studied the PL spectra of the InAs QD arrays
grown by molecular beam epitaxy on the GaAs sub-
strates. The arrays differed by QD size (height) and the
degree of their interaction. Such distinctions during the
growth with the use of the same installation were pro-
vided by changes in technological parameters (growth
mode, growth rate, temperature, and substrate misori-
entation) and by structural features of arrays (QD den-
sity in one layer, number of QD layers). The measure-
ments were carried out at a hydrostatic pressure as high
as 16 kbar (1.6 GPa) in a high-pressure chamber with
leucosapphire mini-anvils. The chamber with a sample
was placed into a cryostat, and the temperature in the
cryostat was lowered to 77 K. The procedure is
described in detail in [8]. Photoluminescence was
excited by an argon laser with an emission power den-
sity of 0.2 kW/cm2 and detected by a germanium pho-
todiode or photomultiplier.
Figure 5 shows the original PL spectra of multilayer
(stacked) QD arrays (QDSL) under the starting condi-
tions (atmospheric pressure, 77 K) and at a maximum
pressure of 16 kbar in the temperature range of 77–
300 K. Such an array has a series of features previously
studied by us in [22]. The array involves two size
groups of QDs, namely, small stacked QDs on internal
InAs layers (short-wavelength band C0) and large asso-
ciated QDs on the upper InAs layers (long-wavelength
band A0 corresponds to the transition between the
ground states of the electron and the hole; the bands A1
and A2 correspond to transitions with the participation
of excited states). Another feature of this array is the
high degree of interaction between QDs in neighboring
layers—the wave functions of QDs neighboring along
the vertical overlap due to tunneling. In Fig. 5, blue
shift of PL bands caused by the uniaxial compression,
narrowing of the bands, and a difference in the blue
shift for bands of different origin are easily distinguish-
able. For example, at a pressure of 16 kbar, the band C0
of the “usual” QDs is shifted by almost 100 meV, while
the band of associated QDs has a blue shift of A0 of no
more than 85 meV. The pressure dependence of the blue
shift of the PL bands is represented in more detail in
Fig. 3. The baric coefficients calculated for the approx-
imation by the linear dependence were 10.4 meV/kbar
for the free exciton in GaAs, 6.1 meV/kbar for the usual
QDs, and 5.2 meV/kbar for the associated QDs.
Similarly, we previously studied the compressed
InAs QDs of various sizes in one-layer arrays (OQD)
[8, 9, 23] and QD molecules in two-layer arrays (QDM)
[24]. From the whole variety of QD OQD (about 15
arrays are studied), isolated QDs (IQD), that emerge on
vicinal terraces at high degrees of their bundling with
discontinuities of the layers on the steps should be espe-
cially noted. The interaction between such QDs is vir-
tually absent [22, 25]. On the contrary, the interaction
between the QDs forming the molecule is highly pro-
nounced [26].
For all measured structures with the QDs of various
sizes and types, we constructed the dependence of the
energy of the radiative transition E0 on the pressure P.
As an example, Fig. 3 represents the experimental data
of the dependence E0(P) for the PL band with E0 =
1.23 eV of the one-layer QD array in comparison with
the calculated dependences for E0 = 1.13 and 1.15 eV.
It is evident that the linear approximation of this depen-
dence is a very good approximation. Based on this fact,
from the slope of the straight line, we calculated the
baric coefficients KQD for all studied QDs. The values
of KQD were then brought into the dependence of KQD
on the energy E0 represented in Fig. 6. For the QD states
OQD, A0, and A1, the linear approximation was per-
formed. For comparison of the experiment with the the-
ory, we also present the straight line (solid line) in
Fig. 6, which was theoretically calculated by us (see
Fig. 4a). The comparison shows that only the data for
the isolated IQD QDs exactly corresponds to the calcu-




























Fig. 5. Photoluminescence (PL) spectra of the ten-layer
structure with the InAs QDs (QDSL): (1) without compres-
sion at 77 K, (2–7) under a pressure of 16 kbar at tempera-
tures T = 77, 100, 120, 160, 240, and 300 K, respectively.
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OQD QDs is characterized by a slope of 15.5 bar–1,
while the theory predicts a slope of 5.5 bar–1. The
ground state of stacked QDs (C0), second excited states
of associated QDs (A2), and all molecular terms(M0, 1, 2) had the baric coefficients shifted to the region
of smaller values relative to the data for OQD, A0, and
A1 in their approximation both by the straight line and
by the parabola (Fig. 6).
Disagreement of the slopes of the calculated and
experimental straight lines in the dependence KQD(E0)
can be explained by assumptions made while carrying
out the calculations; specifically, identical size and
spherical shape were prescribed to the nanoislands. In
addition, in calculations, we disregarded the Coulomb
interaction and the presence of the wetting layer, which
is valid only for isolated QDs.
The size variance of QDs (by height) leads to the
fact that the carrier distribution between the QDs in the
array and, consequently, the contour of the PL line at
this temperature are determined by the exchange pro-
cesses between the QDs, i.e., by their interaction.
Under the effect of uniaxial compression, the potential
barriers and effective masses of carriers increase, and
this process is more intense for smaller QDs having a
larger baric coefficient. Due to this, the carriers are
redistributed in favor of the increasingly growing part
of deep potential wells. The external manifestations of
this process are the retardation of the blue baric shift
because of the appearance of the “red” component
(a decrease in KQD) and narrowing of the PL band. We
observed both effects experimentally (Figs. 5, 6). Sim-
ilar narrowing of the PL band was also observed in [27].
We associate the deviation of the experimental
dependence KQD(E0) for QD stacks and molecules with
a strong interaction of such states because of high trans-
parency of the barrier (spacer) between the neighboring
QDs. The emerging tunneling stimulates the effective
carrier exchange. Due to this, the red component in the
baric shift becomes more pronounced. The observed
deviations are by essence a more pronounced manifes-
tation of the effect considered above. This conclusion
corresponds to the result obtained in [28], where the
authors observed a decrease in the blue shift with an
increase in pressure under a weak excitation in the
stacked QDs with a very thin spacer (3 nm). In the con-
text of the model suggested by us, this result corre-
sponds to the extreme dominant increase in the red
component in the spectral shift of the PL of the tunnel-
ing-coupled QD array.
7. CONCLUSIONS
Thus, the baric dependences of PL for the QD arrays
with a number of layers of 1, 2, and 10 are studied
experimentally. For the one-layer arrays, we confirmed
the linear dependence of the baric coefficient on the
energy of the ground state of the QD and thereby on the
QD size, which was found previously for the first time.
A theoretical model for the spherical noninteracting
QDs under the conditions of uniaxial compression,
which provides good agreement with the experiment
for isolated QDs, is developed. Further development of
the model is associated with allowing for the role of the
wetting layer and the Coulomb interaction of the carri-
ers in the QDs. The values of baric coefficients for the
two-layer QD arrays (QD molecules) as well as for
shallow-lying states in multilayer (stacked) QD arrays
substantially deviate from the found linear dependence.
The tunneling interaction of such states will be taken
into account in the future in the course of improvement
of the physical model of the QD array under conditions
of hydrostatic compression.
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